Dipole matrix elements in helium in the first order shielding approximation by Sando, K. M. & Epstein, S. T.
DIPOLE MATRIX ELEMENTS I N  HELIUM I N  THE FIRST 
ORDER SHIELDING APPROXIMATION" 
by 
Kenneth M. Sando and S a u l  T .  E p s t e i n  I .  
AI3 S TRACT 
I n  t h i s  paper t h e  f i r s t  o r d e r  s h i e l d i n g  approximat ion  
/ 
i s  used t o  c a l c u l a t e  o f f - d i a g o n a l  matrix e lements  of t h e  d i p o l e  
moment o p e r a t o r  f o r  helium. The t r a n s i t i o n s  c o n s i d e r e d  a r e  
t h e  2'S--2'P and t h e  1 1 S - - 2 ' P  t r a n s i t i o n s .  When compared 
w i t h  P e k e r i s '  a c c u r a t e  t h e o r e t i c a l  v a l u e s ,  t h e  r e s u l t s  c a l c u l a t e d  
h e r e  are  i n  e r r o r  by about  5 per c e n t  f o r  t h e  2'S--2'P t r a n s i t i o n  
- - - - -  
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I. I n t r o d u c t i o n  
f -x I n  t h i s  paper t h e  \ f i r s t  o r d e r  s h i e l d i n g  approximat ion  i s  used 
I_- 
'- - -  
t o  c a l c u l a t e  G f f - d i a g o n a l  matrix e lements  of  t h e  d i p o l e  moment 
o p e r a t o r  f o r  helium.1 
.r - -  - 
theorem, t h e  v a l u e s  of o f f - d i a g o n a l  matrix e lements  of o n e - p a r t i c l e  
1- I- - __ - s '2  It has  been shown t h a t  by u s i n g  a n  i n t e r c h a n g e  
o p e r a t o r s  can  be c a l c u l a t e d  e x a c t l y  through f i r s t  o r d e r  i n  t h e  
p e r t u r b a t i o n .  
3 
Let  W be t h e  o p e r a t o r ,  and l e t  t h e  Hamil tonian be t h e  sum of  
a n  unper turbed  Hamiltonian and a p e r t u r b a t i o n ,  
H - - H * +  
Then i f  M i s  used t o  denote  
between t h e  s t a t e  p, denoted 
t h e  matrix element  of t'he o p e r a t o r ,  W, 
by vp , and t h e  s t a t e  q , denoted 
t h e  v a l u e  of M through f i r s t  o r d e r  i n  > as g iven  by t h e  
i n t e r  change t h e  or  e m  i s  
are e i g e n f u n c t i o n s  of t h e  The f u n c t i o n s  Y P ( 4 O )  and 
unper turbed  Hamil tonian,  Ho 
and t h e  wave f u n c t i o n s  are chosen t o  be r e a l  so  t h a t  M i s  a l s o  
r ea l .  The f u n c t i o n s  and v'oJrB are s o l u t i o n s  of f i r s t  
o rder  p e r t u r b a t i o n  d i f f e r e n t i a l  equateozs ,  
F 
and 
t i re  e i g e n v a l u e s  of Ho c or r e s pond i n g  
( O p O )  
3- 
and ( 0 , O )  where 
1 
2 
t o  t h e  p and q s t a t e s  r e s p e c t i v e l y .  I f  t h e  d i f f e r e n t i a l  
e q u a t i o n s ,  Eqs. ( 7 )  and (819 are  so lved ,  t h e  i n t e g r a l s  i n  Eq. (3) 
c a n  t h e n  be performed t c  determine M. 
3 
11. Methods of S o l v i n g  t h e  D i f f e r e n t i a l  Equat ions ,  
The d i f f e r e n t i a l  equat ions  involved i n  t h i s  w o r k  can  a l l  be 
expressed  i n  t h e  form 
The s o l u t i o n  and inhomogeneity can  be expanded i n  terms of Legendre 





which r e s u l t s  i n  a n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  f o r  each  
ampl i tude ,  UI , i n  Eq. (10).  To s a t i s f y  boundary c o n d i t i o n s  
t h e  s o l u t i o n s  of t h e  homogeneous d i f f e r e n t i a l  e q u a t i o n s ,  t h o s e  
f o r  which h, 
hydrogenic  f u n c t i o n s  o r  zero ,  The inhomogeneous d i f f e r e n t i a l  
i s  zero ,  must be e i t h e r  t h e  r a d i a l  p a r t s  of s imple  
e q u a t i o n s  involved  can a l l  be expressed  i n  t h e  form, 
i 
4 
For t h e  purpose of m a k i n g  a ? m e r  ser ies .  saIiJt5on more e d s i l y  
o b t a i n a b l e  t h e  l e f t  Cand s i a e  s f  t h i ,  e q u a c i c n  is t ransformed t o  
t h e  s t a n d a r d  Kummer f o r n  c f  t h e  coFfldenc hyper georrecric d i f f e r e n t i a l  
e q u a t i o n ,  
c o e f f i c i e n t s  i n  t h e  power s e r i e s  ~ o l ~ t i o r , ,  wheLeAS If t h e  d i f f e r e n t i a l  
e q u a t i o n  had been t r e a t e d  13 t h e  f ~ r m  CI E;' 
s o l u t i o n  wcluld i n v o l v e  a t h r e e - t e r m  r e c u r s i o n  r e l a t i o n  f o r  t h e  
c o e f f i c i e n t s .  Zn a d d i t i o n ,  t h e  homogeneous s o l u t i o n s  of t h e  
t ransformed e q u a t i o n ,  t h e  Kurmer f u n c t i o n s ,  are  a v a i l a b l e  I n  t h e  
l i t e r a t u r e  even i f  i s  n e t  a hydrqgenic  e i g e n v a l u e .  I n  o r d e r  
t o  c a r r y  out  t h i s  t r  ansformat icn ,  t h e  independent  and dependent 
v a r i a b l e s  are t ransformed as f d l o w s -  
This  r e s u l t s  i n  a t w o - t e r r  recrnrsiofi reli i . t ion f o r  t h e  




UJ = x e y(x9 
Then E q .  1 2  i s  t r a n s f o r o e d  t o  th? d i f f e r e r 1 , t l a l  e q u a t i m  
x y" + (2R+2-r)y f - (R+1-= ) Y  
t h e  homogeneous p a r t  of which i s  In t h e  K;mmer form. 
The g e n e r a l  so lu tFon > f  t h i s  d i f f e r e g t i a l  e q u a t i o n  w i l l  c o n t a i n  
two a r b i t r a r y  c o e f f i c i e n t s ,  each cf which m u l t i p l i e s  one s o l u t i o n  
of t h e  homugeneons equat ior? .  In any s p e c i f i c  c a s e  which follows, 
a t  l e a s t  one of t h e s e  c o e f f i c i e n t s  i s  dete-rnined by boundary 
c o n d i t i o n s  p laced  vpon t h e  sol ; i t iDn c f  E q .  ( 9 ) .  The o t h e r  may 
remain a r b i t r a r y ,  i n  which case  Ecs v a l u e  h a  no e f f e c t  on t h e  
v a l u e  of t h e  m a t r i x  e lement ,  M ,  
111. The 2 ' s  - 2 ' P  T r a n s i t i o q .  
To c a l c u l a t e  t h e  /off-diagonal  matrix element  of t h e  t o t a l  
i 
d i p o l e  moment o p e r a t o r  f o r  t h i s  t r m s i t f o n ,  between a 'S s t a t e  
and a 'P  s t a t e ,  i t  i s  only  necessary  t o  know t h e  o f f - d i a g o n a l  
m a t r i x  e lement  of t h e  z-component of t h e  d i p o l e  moment o p e r a t o r  
between t h e  s ta tes  i n  q u e s t i o n ,  The matrix element  w i l l  be 
c a l c u l a t e d  t o  f i r s t  o r d e r  u s i n g  t h e  p e r t u r b a t i o n  method d e s c r i b e d  
i n  t h e  i n t r o d u c t i o n .  For t h i s  purpose t h e  f o l l o w i n g  d e f i n i t i o n s  
are made : 5 
5 
6 
Here v(o'O) belongs t o  a d e g e n e r a t e  s e t ,  b u t  s i n c e  t h e  o p e r a t o r  
i n  q u e s t i o n  i s  t h e  z-component of t h e  d i p o l e  moment o p e r a t o r ,  t h e  
only  non-vanishing c o n t r i b u t i o n  t o  t h e  m t r i x  e l e n e n t  w i l l  come 
from t h a t  f u n c t i o n  s e l e c t e d  i n  E g .  (20).6 In a d d i t i o n ,  M , as 
d e f i n e d  by Eq. ( 4 ) ,  can  be c a l c u l a t e d  with t h e  unper turbed  wave 
f u n c t i o n s  f o r  t h i s  t r a n s i t i o n  (Eqs. (13 )  and ( 2 C )  and h a s  t h e  v a l u e  
'd- 
( 0 )  
With these  d e f i n i t i o n s  t h e  d i f f e r e n t i a l  e q u a t i o n s  which must be 




Each of t h e s e  e q u a t i o n s  can  be p a r t i a l l y  s e p a r a t e d .  , The s o l u t i o n  o f  
Eq. (24)  can be w r i t t e n  
where a(1) i s  a s o l u t i o n  of t h e  d i f f e r e n t i a l  e q u a t i o n ,  
and b ( 1 )  i s  a s o l u t i c n  uf the  d i f f e r e n t i a l  e q u a t i o n ,  
The d i f f e r e n t i a l  e q u a t i o n s  a r e  solved by t h e  method o u t l i n e d  i n  
s e c t i o n  I1 t o  g i v e  t h e  fol lowing saliutfans::  
where OC , Q and are a r b i t r a r y  c o n s t a n t s .  
The s o l u t i o n  of  E q .  (25) can be w r i t t e n  
where a(1) i s  g iven  by E q .  (29), and c ( 1 )  i s  a s o l u t i o n  o f  t h e  
d i f f e r e n t i a l  e q u a t i o n  
which i s  
and 5 are  a r b i t r a r y  c o n s t a n t s .  
where 37 
The v a l u e  of M, as g i v e n  by Eq. (3) can  now be c a l c u l a t e d  w i t h  
j u s t  determined,  t h e  v a l u e  
(0, I )  YPC.,') and y 
% 
t h e  f u n c t i o n s  
of M ( O )  g iven  by E q .  (231, and w i t h  i v  g i v e n  by Eq.  (18). I n  
c a r r y i n g  o u t  t h e  i n t e g r a t i o n  i t  i s  s e e n  t h a t  
does n o t  a f f e c t  t h e  v a l u e  of M, and t h a t  t h e  v a l u e s  a s s i g n e d  t o  t h e  
b 2 ( r l )  i n  Eq.  (30)  
a r b i t r a r y  c o n s t a n t s  i n  a l l  o f  t h e  f u n c t i o n s  a l s o  a r e  immaterial. 




of 9 t h e  s c a l e  f a c t o r ,  
I f  $ i s  set equa l  t o  t h e  nuc lear  charge ,  2, t h e  v a l u e  of  M i s  
M ( 2 )  = -2 .26196464 . ( 3 5 )  
A b e t t e r  v a l u e  f o r  M i s  obta ined  by u s i n g  t h e  s h i e l d i n g  
approximation,  t h a t  i s ,  by s e t t i n g  < e q u a l  t o  t h a t  v a l u e  
which makes all f i r s t - o r d e r  c o r r e c t i o n s  e q u a l  t o  ze ro .  That  v a l u e  
of t i s  
t = 0.98404715 
and t h e  cor responding  v a l u e  of M( $ ) = - - 3 i s  5 
M = -3 .0486344 ( 3 7 )  
These r e s u l t s  can  be compared w i t h  a v a l u e  ob ta ined  from P e k e r i s '  
a c c u r a t e  c a l c u l a t i o n s  of t he  o s c i l l a t o r  s t r e n g t h  and t h e  e n e r g i e s  
of t h e  s ta tes ,  
7 
8 
1 M 1 = 2.915956 . ( 3 8 )  
The v a l u e  wi thou t  s c a l i n g  c a l c u l a t e d  h e r e  d i f f e r s  from t h i s  by 
about  22 per  c e n t  and t h e  va lue  w i t h  s c a l i n g  d i f f e r s  by about  4 . 6  
per  c e n t .  
10 
2 Cohen and Dalgarno hsve discussed t h e  2'S--2gP t r a n s i t i o n  
w i t h  t h e  H a r t r e e - F s s k  function. Using the  s h f e l d 1 n g  approxPmatFon 
t h e y  obta ined  t h e  value,  
M -3. 326 ( 3 9 )  
1 P 
I V .  The P S--2 P T L G J J ~ ~ ?  
1 1 For t h i s  t r a n s i t i o n ,  as i n  the case of t h e  2 S - - 2  P t r a n s i t i o n ,  
t h e  o f f - d i a g a n a l  m a t r i x  element of t h e  z-component of  t h e  d i p o l e  
moment o p e r a t o r  wiii be c a l c u l a t e d .  
involved are d e f i n e d  t h e  same as t h e y  were i n  SecE. I11 (Eqs. 
through (22)) with t h e  following e x c e ? t i o n s :  
For t h i s  purpose a l l  q u a n t i t i e s  
(16)  
I n  t h i s  case ,  t h e  z e r o t h - o r d e r  m a t r i x  elem*ent, M(o>9 as d e f i n e d  
by Eq. ( 4 ) ,  has  the  value 




= 4 0 ,  cos e, + &cos e,) Is (1) Ism 
Eq. (43) can  be p a r t i a l l y  s e p a r a t e d  by w r i t i n g  t h e  s o l u t i o n  i n  
t h e  form 
where g ( 1 )  i s  a s o l u t i o n  of t h e  d i f f e r e n t i a l  e q u a t i o n ,  
and t ( 1 )  i s  a s o l u t i o n  of t h e  d i f f e r e n t i a l  e q u a t i o n ,  
The s o l u t i o n  of  Eq. (46)  i s  
where a = -2.14875649194, and t h e  o t h e r  c o e f f i c i e n t s  i n  t h e  
power series are g i v e n  by a s imple  r e c u r s i o n  r e l a t i o n s 9  
of  Eq. (47) i s  
0 
The s o l u t i o n  
h . ./ 
12  
+tz OIJ p,(eos el) ,(49) 
where 
b i s  a r b i t r a r y ,  and t h e  o ther  - ~ e f f f z ; e n ~ s  i n  t h e  power series are 
g i v e n  by a two-tern? r e c u r s i o n  r e l a t i o n .  
t ( r  b c o n t r i b u t e s  n o t h i n g  L O  t h e  w;l.lie of t h e  m a t r i x  e lement ,  2 1  
0 
E q .  
t h e  form 
( 4 4 )  eaii be p a r t i a l l y  s e p a r a t e d  by W T F L I ~ ~  t h e  s o l u t i o n  i n  
where w(1) i s  a s o l u t i o n  a f  t h e  d i f f e r e n c i a ?  ecjaation, 
It f o l l o w s  t h a t  
where o( i s  an  a r b i t r a r y  t o E z t a n t ,  c is a r b i t r a r y ,  and t h e  o t h e r  
c o e f f i c i e n t s  i n  t h e  power s e r i e s  a r e  g iven  by a r e c u r s i o n  r e l a t i o n .  
0 
The v a l u e  of M, as ghved by Eq. ( 3 ) ,  czn now be c a l c u l a t e d  
w i t h  t h e  f u n c t i o n s ,  j u s t  determined,  t h e  
v a l u e  o f  M(’) given  by Eq .  (429, w i t h  A V  g iven  by E q .  (181, w i t h  
and ( I ,O) given  by E q s .  (5) and (61, and w i t h  (0,4 andYB(D”) 
P 
1 3  
given  by Eqs. (40)  and ( 2 0 ) .  The i n t e g r a t i o n s  a r e  c a r r i e d  o u t  by 
summing over t h e  c o n t r i b u t i o n s  of t h e  s e p a r a t e  terms i n  t h e  power 
s e r i e s  s o l u t i o n s .  The r e s u l t  of t h e  i n t e g r a t i o n  i s  a n  e x p r e s s i o n  
f o r  M as a f u n c t i o n  of ? t h e  s c a l e  f a c t o r  
z8 (<-21 
35 t2 -I-- 
2' 0.163270226 M = - -  
35 < t2 
( 5 3 )  
I f  $ i s  s e t  e q u a l  t o  t h e  nuc lear  charge ,  2, t h e  v a l u e  of M i s  
M ( 2 )  = 0.4859314165 . ( 5 4 )  
A s l i g h t l y  worse) v a l u e  f o r  M i s  ob ta ined  by s e t t i n g  e q u a l  t o  
t h a t  v a l u e  which makes a l l  f i r s t - o r d e r  c o r r e c t i o n s  e q u a l  t o  ze ro .  
That  v a l u e  of % i s  
= 2.154979152 
and t h e  cor responding  v a l u e  of M( 5 ) = - i s  
35 ? 
M = 0.488866883 ( 5 6 )  
These r e s u l t s  can  be compared w i t h  t h e  v a l u e  ob ta ined  from P e k e r i s '  
c a l c u l a t i o n s ,  10 
I M I = 0.420776 
le, 
The v a l u e  w i t h o u t  s c a l i n g  ca l - , u l~? ted  h e r e  d i f f e r s  by about  15 per  c e n t  
and t h e  value wfth  scaltng d i f f e r s  by sbol;t 16 p e r  cent. Thus i f  no 
mis take  was made i n  tne L n t e g r a t i o n  or o t h e r  work r e l a t e d  t o  t h e  
1'S--2'P t r a n s f t i o n ,  m e  must conc:ude t h t  s c a l i n g  daes n o t  always 




1. See A.  Dalgarno and A ,  E. S t e w a r t ,  Proc.  Roy. SOC. A257, 534 (1960).  
2 .  Off-d iagonal  m a t r i x  e lements  f o r  t r a n s i t i o n s  of  t h e  t y p e  
have been c a l c u l a t e d  u s i n g  p e r t u r b a t i o n  b c a b-1  c+l 1sa2s 2p --1s 2s 2p 
methods w i t h i n  t h e  Hartree-Fock formalism f o r  a l l  members of 
i s o - e l e c t r o n i c  sequences from hel ium t o  neon. See M. Cohen and 
A. Dalgarno, Proc.  Roy. SOC. A280, 258 (1964).  
3. See M. Cohen and A .  Dalgarno, Proc.  Roy. SOC. A275, 492 (1963);  
S.  Borowitz and M. Vassell, JQSRT 5, 663 (1964);  Joseph 0. 
H i r s c h f e l d e r ,  W. Byers Brown, and S a u l  T .  E p s t e i n ,  “Recent 
Developments i n  P e r t u r b a t i o n  Theory“, Advances i n  Quantum 
Chemistry,  Vol. 1 (Academic P r e s s ,  New York, 1964),  Chapter  VIII, 
p. 315. 
4 .  See Lucy Joan  Slater  Confluent  Hypergeometric F u n c t i o n s  
(Cambridge U n i v e r s i t y  Press ,  Cambridge, ‘1960); Lucy Joan  
S l a t e r ,  “Confluent  Hypergeometric Funct ions“ ,  Handbook o f  
Mathematical  Funct ions  (Nat iona l  Bureau of S t a n d a r d s ,  Washington, 
1964),  Chap. 13, p.  503. 
5.  Hartree atomic u n i t s  are used throughout  t h i s  p a p e r .  I n  t h i s  
system one u n i t  of energy=ll har t ree=27.2097 e . v .  
6. For a d i s c u s s i o n  of degeneracy see H i r s c h f e l d e r ,  e t .  al., 
op. c i t . ,  p .  318, footnote  N o .  23. 
7. See B .  S c h i f f  and C .  L. P e k e r i s ,  Phys. Rev. u, A638 (1964). 
16 
8. For t h e  2 ' s  energy  see C .  L. P e k e r i s ,  Phys. Rev. 126, 1470 (1962) ;  
f o r  t h e  2 'P energy  see C .  L. P e k e r i s ,  B .  S c h i f f ,  and H. L i fson ,  
Phys. Rev. 126, 1057 (1962).  
9. The v a l u e  of a and the v a l u e s  of t h e  i n t e g r a l s  which f o l l o w  
0 
were c a l c u l a t e d  by numer ica l ly  summing t h e  terms i n  t h e  e x a c t  
i n f i n i t e  series e x p r e s s i o n s  u s i n g  a C o n t r o l  Data C o r p o r a t i o n  G15 
computer. 
10. See Footnotes  No. 7 and No. 8 above;  a l s o  f o r  t h e  1's energy  
see C .  L. P e k e r i s ,  Phys. Rev. E, 1216 (1959). 
.. 
. 
